We present results of Lagrangian statistical quantities for direct numerical simulation (DNS) of turbulent channel flow at Reynolds number Re τ = 950 based on shear velocity and channel half-height. Attention is focused on time correlations of fluid particle velocity and on the wall-normal diffusivity as a function of the wall-normal distance. Away from the wall region the DNS results compare favorably with the results of recent statistical models based on Kolmogorov theory and Onsager symmetry relations. It is found that a value for the Kolmogorov constant of C 0 = 6 gives optimal agreement between DNS results and results of the statistical models for all quantities considered. C 2013 AIP Publishing LLC. [http://dx
I. INTRODUCTION
One of the unsolved problems of physics is a statistical description of turbulent flow and in particular a description of particle dispersion in turbulent flow. Conventionally, the approach adopted for the description of turbulent dispersion is a diffusion model, 1 but this can only rigorously be derived for the case of homogeneous and stationary turbulence. [1] [2] [3] For the statistical description of particle dispersion in inhomogeneous turbulence the approach based on the diffusion model is more heuristic and involves dimensional arguments and fitting unknown parameters to experimental results.
A more promising approach for dispersion modeling in inhomogeneous turbulent flow is based on a Langevin model for the velocity of a passive particle. This approach is consistent with Kolmogorov theory for the asymptotic structure of turbulent flow at large Reynolds number. 1 In this approach the most important issue is the specification of the damping function in the Langevin equation. For homogeneous isotropic turbulence this issue has rigorously been solved. 4, 5 However, for inhomogeneous turbulence a unique determination of the damping function has remained an unsolved issue until recently. 4, 6 Recently, a way out of the non-uniqueness problem has been proposed, which is based on an expansion in the reciprocal of the universal Kolmogorov constant C 0 and invokes Onsager symmetry. [7] [8] [9] This expansion is valid if the Kolmogorov constant is sufficiently large, which requires a rather high Reynolds number. Moreover, the Langevin model disregards the effects of viscosity at small time scales, which are appreciable at limited values of the Reynolds number. In order to assess the validity of the recently developed model, Lagrangian statistical quantities for inhomogeneous turbulent flow at large Reynolds number are required.
During the latest decades the Lagrangian approach to fluid mechanics has received increased attention. The difficulty in the Lagrangian approach is the establishment of fluid mechanical properties associated with the moving particles, which is in contrast with the description in a fixed Eulerian frame. The situation has improved by the availability of accurate experimental and numerical particle tracking methods. 10 Nowadays, direct numerical simulation (DNS) of turbulent channel flow has been performed at Reynolds numbers based on shear velocity and half the channel height larger than 2000. 11 However, calculation of Lagrangian statistics has not been reported yet at such high Reynolds numbers.
In this paper, we present new results of DNS with Lagrangian particle tracking in turbulent channel flow at Reynolds number Re τ = 950 based on shear velocity and channel half-height. 12 The results are compared with predictions of the recently developed stochastic model. 7 We will compare Lagrangian velocity correlation functions and also diffusion coefficients, which are obtained from the statistical properties of a passive scalar coupled to the DNS of the fluid flow.
In Sec. II we will present the governing equations and numerical method applied in the DNS and for the calculation of the trajectories of fluid particles. Sections III and IV contain a description of the statistical models applied in this paper, together with the numerical method to solve these models. Results are shown in Secs. V and VI and conclusions stated in Sec. VII.
II. DIRECT NUMERICAL SIMULATION
In this paper, we consider turbulent incompressible flow in a plane channel, i.e., between two infinite flat plates. The governing equations are the continuity and the Navier-Stokes equation:
In these equations ρ, ν, and u denote mass density, kinematic viscosity, and velocity of the fluid, p total pressure, ω vorticity, and t time. The equations are made non-dimensional using the mass density, half the channel height, H, and the friction velocity, u τ = √ τ/ρ with τ the shear stress, as mass density, length, and velocity scale, so that Re τ is the friction Reynolds number given by
The friction Reynolds number of the flow is kept fixed by prescribing the mean driving force per unit mass f in the streamwise direction parallel to the plates. This implies that the bulk Reynolds number, based on the bulk velocity, fluctuates in time around a mean value. The velocity satisfies no-slip conditions at the two plates. In the other two directions periodic boundary conditions are applied for velocity and pressure. The length of the domain equals 2π H in streamwise direction and π H in the spanwise direction. Throughout the paper we will use x 1 , x 2 , and x 3 for the streamwise, wall-normal and spanwise coordinates and directions.
The periodic boundary conditions in two coordinate directions make the use of a pseudo-spectral method very convenient. In these two periodic directions a Fourier-Galerkin approach is chosen, whereas the wall-normal direction is treated by a Chebyshev-tau method. The incompressibility constraint is satisfied by using the wall-normal component of the vorticity vector and the Laplacian of the wall-normal velocity component as dependent variables, instead of the three velocity components. Hence, the spatial discretization of the problem for the gas velocity closely follows the method by Kim et al. 13 Nonlinear terms are calculated in physical space by fast Fourier transform (FFT) with application of the 3/2 rule in both periodic directions. For integration in time a combination of a second-order accurate three-stage Runge-Kutta method and the implicit Crank-Nicolson method is chosen according to Spalart et al. 14 In this way the nonlinear terms are treated in an explicit way, whereas the linear terms are treated implicitly.
Simulations are performed at a friction Reynolds number equal to Re τ = 950, which corresponds to a bulk Reynolds number of approximately 18 900. The numbers of Fourier modes in the two periodic directions equal 768, whereas 385 Chebyshev polynomials are used in the wall-normal direction. The resolution in the wall-normal direction is equal to the one applied by Hoyas and Jiménez. 15 The grid spacing equals 7.8νu
in streamwise direction and 3.9νu direction. This is a higher resolution than used by Hoyas and Jiménez, 15 but our computational domain is much smaller. The time step used in the simulation equals 0.095νu
The simulations reported in this paper start from an initial solution in the statistically steady turbulent state. First and second moments of the velocity in this state agree well with results by Hoyas and Jiménez, 15 as can be seen in Fig. 1 , where the root-mean square of the three velocity components is compared. The results shown here are averaged over a time span 5.7 × 10 4 νu
τ . Also at lower frictional Reynolds numbers the numerical method has been validated by comparison with results from literature. 16 In order to calculate Lagrangian velocity correlation functions passive tracers are added to the flow. They obey the equation
where x is the position of a tracer particle. The equation for each particle is solved numerically with the same explicit second-order accurate Runge-Kutta method as applied to the solution of the Navier-Stokes equation. In order to evaluate the right-hand side of (4) the fluid velocity needs to be interpolated to the position of the tracer. We apply tri-linear interpolation, but use the velocity field after Fourier transformation to real space in which the number of grid points in the two periodic directions is increased by a factor of 3/2. Although higher-order interpolation methods yield a higher accuracy for single particle results, we checked that the accuracy of statistical particle results is not significantly affected by the low order interpolation. If a particle leaves the domain through one of the periodic boundaries, it is reinserted at the opposite boundary. Due to the behavior of the wall-normal velocity component close to a wall, collisions of tracer particles with a wall do not occur. Lagrangian statistical quantities depend on the wall-normal coordinate, which is the only inhomogeneous direction in channel flow. In order to determine these quantities as functions of the wall-normal coordinates we insert particles at 24 different values of x 2 . For every value of x 2 100 particles are inserted, homogeneously distributed over the two periodic directions and on both sides of the channel center plane. After every time step the position and velocity of each particle is written to file for later evaluation of the statistical quantities. After 2000 time steps (which corresponds to t = 190νu −2 τ ) the velocity correlations have decreased sufficiently and new tracer particles are inserted into the flow. In 2000 time steps a particle traveling with the bulk fluid velocity covers a distance of 63% of the channel length. In this way 300 independent results, each with 100 particles for 24 different x 2 values have been collected.
In the post-processing step we calculate Lagrangian averages and velocity correlation functions. The velocity correlation functions v i (t)v j (t 0 ) , where v(t) is the velocity of a tracer particle at time t minus the Eulerian mean velocity at the position of the particle, only depend on the time difference t − t 0 and the wall-normal coordinate of the particle x 20 at initial time t 0 . Hence, they are averaged over all particles which start at the same x 20 position. For t = t 0 the velocity correlation function should equal the Eulerian velocity variance. The Lagrangian results yield a value which is equal to the Eulerian average within the error bounds for all wall-normal positions.
From the 300 independent results the statistical error in the correlation functions can be estimated. A results is shown in Fig. 2 , where the correlation function of the wall-normal velocity component is shown for
τ as a function of time together with the 2σ error bounds. This implies that there is a probability of 87% that the correlation function lies between the two dashed lines. The correlation function is normalized with the result for t = t 0 . The figure shows that the number of independent results is sufficiently large.
Some of the particles that are initially close to one of the walls exhibit spiraling motion. For particles which start further away from the walls, at x 2 u τ ν −1 ≥ 100, such spiralling motion has not been found. This is illustrated in Fig. 3 , where the projection of the particle trajectory on a plane perpendicular to the streamwise direction is plotted for two typical cases, one close to the wall and one away from the wall. The left figure illustrates the typical structures that are present close to the walls in flows with strong shear. 
III. LANGEVIN MODEL
In this section and in Sec. IV we will describe the statistical models for dispersion of fluid particles that are compared in this paper with the DNS results. A well-defined method to model Lagrangian statistics is by a Langevin equation. The equation complies with the asymptotic structure of turbulence at large Reynolds number; its white noise term can be specified in accordance with the inertial subrange representation of Lagrangian Kolmogorov theory. [4] [5] [6] The equation reads
is the statistical representation of fluctuating fluid particle velocity relative to the Eulerian mean velocity u 0 i (x) evaluated at particle position x = x(t). Velocity is related to position by
In Eq. (5) a i (v , x) is the damping function, C 0 is the universal Kolmogorov constant, (x) is the mean energy dissipation rate at fixed position, and w i (t) is the Gaussian white noise of unit intensity. This implies that w i (t) = 0 and w i (t)w j (t ) = δ(t − t )δ i j with δ ij the Kronecker tensor, which is equal to 1, if i = j and zero otherwise. Gaussian white noise can be written as w i (t) = dW i (t)/dt, where W i (t) is a Wiener process. An expression for the damping function can be obtained by application of a perturbation expansion in which the reciprocal Kolmogorov constant serves as small parameter. [7] [8] [9] Including terms of leading order and next-to-leading order with respect to C −1 0 one has 7, 9
where σ ij is the Eulerian co-variance or Reynolds stress tensor and λ is its inverse. The above result corresponds to an earlier proposal of Thomson. 2, 17 It was obtained under the assumption of a Gaussian probability density function for Eulerian (fixed-point) fluid velocity and satisfies the well-mixed criterion. 2, 17 However, the validity of this model has long been uncertain, because it was one of the many possible formulations of the damping function which satisfy the well-mixed criterion. 2, 6, 9, 17 The C −1 0 -expansion brought clarity to this issue, 9 since it showed that the statistics of particle displacement obtained through application of the model according to Eq. (7) is unique up to a relative error of C −2 0 , see Brouwers.
9 Investigation of the accuracy of this model using the results of DNS of channel flow is one of the objectives of the present work.
A drawback of the above Langevin model is that it cannot accurately describe the behavior of auto-correlation functions of velocity for very short correlation times. This is a consequence of the Markov model for velocity by which the smoothing of discontinuities by viscosity has been eliminated. The effect of finite viscosity on correlation functions becomes particularly noticeable at limited values of the Reynolds number. A customary way to model this effect is to apply the Markov approximation to acceleration rather than to velocity, 5, 9, 18 a method also known as coloring the noise. 19 We replace the white noise term in the Langevin equation by colored noise, according to
where f i (t) in line with ordinary (K-41) Kolmogorov theory is described by the Langevin model:
where τ η = (ν/ ) 1/2 is the Kolmogorov time and is the ratio of the Kolmogorov time and the Lagrangian velocity correlation time. 9 The statistical model according to (8) and (9) implies Gaussianity of (d/dt)v i (t). The effects of intermittency apparent in particle accelerations are thus not captured. Although important in acceleration, intermittency has only limited effect on the statistics of velocity and displacement. 20 The above model is expected to yield appropriate corrections for finite viscosity on velocity correlations and displacement statistics. Its performance will be evaluated by a comparison with results of DNS.
Numerical solution of the Langevin equations should be treated with care, since the coefficients λ ij of the linear terms in a i in Eq. (7) diverge close to the walls of the channel. Therefore, in the numerical solution of Eqs. (6), (8) , and (9) the exact solution of the linear system of equations with constant coefficients during each time step 21 has been used. While the coefficients u 0 i , λ ij , σ ij , and are kept constant during one time step, they are adapted to their local, x 2 -dependent value after each time step. These values correspond to the results obtained from the DNS, averaged over time and the two homogeneous directions at fixed wall-normal coordinate. The nonlinear terms are treated with the Euler forward method. The value of the time step is the same as in the DNS. Results are averaged over 100 000 particles for each initial value x 20 .
IV. HAMILTONIAN MODEL
Apart from the Langevin model based on Eqs. (6), (8) , and (9), the Lagrangian results of the DNS will be compared with those of a Hamiltonian stochastic model. The expression for the damping function according to Eq. (7) complies with the outcome of a two-term expansion with respect to C −1 0 . The first term of the expansion corresponds to a Hamiltonian base case. For large values of C 0 correlations of fluid particle velocity decrease in a short time. During this short time the change of energy due to dissipation will be small. The underlying mechanics of fluid particle velocity will be close to that of a Hamiltonian process. Analogous to the methods applied in statistical mechanics of molecular motion, one can impose Onsager symmetry. It results in a symmetrical linear damping term as described by the first term on the right-hand side of Eq. (7) with a truncation error of order C −1 0 in statistical properties of particle velocity, but of order C −2 0 in statistical properties of particle displacement. 9 During the short times of correlation, the marked particle will have hardly moved so that a locally homogeneous field can be assumed to exist. The model according to the Hamiltonian base case can be described as
where the subscript 0 refers to values at the position and time where the particle starts. Equations for the correlation functions can be derived from Eqs. (11) and (12) as
which have been solved in closed form. 
V. VELOCITY CORRELATIONS
The results of the DNS have been used to calculate the three auto-correlations and crosscorrelations of fluid particle velocity. They have been compared with the results of time simulations of fluctuation Eqs. (6), (8) , and (9) . Values for the Eulerian quantities u 0 1 (x), (x), and σ ij (x) in these equations have been calculated from the DNS database. As mentioned above, they were adapted to their local values according to the DNS database when following a particle during the simulation. The Kolmogorov constant C 0 has been chosen equal to 6. This was found to be the value which i is no longer large, see Fig. 6 . The concept of separation of scales which underlies the statistical models is no longer valid. Yet, the deviation in diffusion coefficient is limited, as will be shown in Sec. VI. In practical dispersion modeling it may be advisable to introduce a near-wall region, where the wall conditions and those applied to the statistical model are connected by a wall function, a methodology known from Computational Fluid Dynamics (CFD). (6), (8) , and (9) . The agreement between the DNS results and the statistical model is good for initial particle positions not too close to the wall. Close to the center of the channel the agreement is also less good, in agreement with the results for the Lagrangian auto-correlations. While the statistical model underpredicts wall-normal dispersion close to the wall, it overpredicts this quantity close to the center of the channel.
VI. DIFFUSION COEFFICIENT
Employing C 
where and σ are dependent on the wall-normal coordinate. The diffusion tensor equals the time integral of the velocity correlation functions. 1, 9 This opens the possibility to extend expression (15) to the case of finite viscosity, that is, by applying the previously derived expressions for correlations which include the effect of viscosity. For the diffusion coefficient one then finds At the present Reynolds number the diffusion limit is reached 8 for tu 2 τ ν −1 ≈ 4500, which is much longer than the time during which we track passive particles in the DNS (tu 2 τ ν −1 = 190). Therefore, it is not meaningful to compare the particle dispersion results obtained from the DNS with results of diffusion theory. Instead, we follow a different procedure to assess turbulent diffusion from the DNS results.
By adding an equation for a passive temperature to the DNS and imposing a temperature difference over the wall-normal direction, a fluctuating temperature field θ (x, t) has been computed. This enables the calculation of the wall-normal diffusion coefficient from the DNS results according to the relation
where the brackets denote averaging over the homogeneous directions and time at the fixed wallnormal coordinate x 2 and where u 2 (x, t) is the fluctuating wall-normal Eulerian fluid velocity component.
In Fig. 8 , it can be seen that the wall-normal diffusion coefficient obtained from DNS agrees reasonably well with the result obtained from the statistical model according to Eq. (16) , in which the effect of finite viscosity is taken into account. Results from the DNS divided by the theoretical values according to Eq. (15) versus x 2 are shown in Fig. 9 . While the relative deviation is limited away from the wall, it becomes large in the near-wall region.
VII. CONCLUSIONS
In this paper for the first time Lagrangian statistical results of turbulent channel flow at Re τ = 950 calculated with DNS have been presented. In particular, correlation functions of fluid particle velocity and results for the wall-normal diffusivity have been considered. As long as the distance to the wall is sufficiently large, the results compare well with predictions based on recently developed statistical models, which are based on Kolmogorov theory and Onsager symmetry. For smaller distances to the wall the viscous effects are too large to apply Kolmogorov theory.
Deviations between the results may have three causes: (1) The Reynolds number of the DNS is still limited, which leads to a limited separation between small and large scales. This effect has partly been corrected by the implementation of a higher order statistical model, which includes the Lagrangian acceleration, but this is not more than a useful approximation. The spiraling behavior of some particle tracks close to the walls, which is illustrated in Fig. 3 , has no influence on the validity of the statistical models. The reason is that such particle tracks only occur close to the walls, where the statistical models are not valid since the ratio of the time scales of the large scales and that of the viscous scales is not large.
It has been shown that reduction of the Langevin model with coefficients which depend on the wall-normal coordinate to a Hamiltonian model with constant coefficients hardly changes the results. Only close to the wall, where the inhomogeneity of the turbulence is the largest, small changes can be observed, in particular, in the correlation function of the wall-normal velocity component.
A value for C 0 of about 6 was found to yield optimum agreement between the results of DNS and those of the statistical models. This holds for auto-correlations in all three directions, for the crosscorrelation, and for the wall-normal diffusion constant provided the correction for finite viscosity is taken into account. This conclusion is valid for all wall-normal distances away from the near-wall region. A value of C 0 of about 6 is somewhat less than the value recently mentioned in DNS-based studies of forced homogeneous isotropic turbulence. 23 
